Turbine Heights Calculations
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The approach is to consider the Viewer (eye height V above Sea Level), the Turbine (Height T) and a selected Landmark such as the Isle of Wight (Height A). Each of these is considered to be vertical, which means they are at a slight angle to each other due to the Earth’s curvature.

We want to find an artificial equivalent to the Turbine, which is located at the same distance from the Viewer as the Landmark is and which appears to the Viewer to be the same height as the Turbine itself.  Call it the “Turbine-Equivalent” and let its height be “B”.  If the Landmark is closer to the Viewer than the Turbine, the “Turbine-Equivalent” will be shorter than the Turbine itself; while if the Turbine is closer than the Landmark, the “Turbine-Equivalent” will be taller than the Turbine itself.  We can then compare the height of this artificial “Turbine-Equivalent” with the height of the Landmark (after taking account of any part of either which will be invisible because it lies beyond the Viewer’s horizon).

From the below diagram (which has an exagerated curvature) :
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we can see that to appear the same to the Viewer as the actual Turbine (height T), we are looking for the the “Turbine-Equivalent” to have a height, B, which subtends the same angle,ρ, from the Viewer’s vertical as the top of the Turbine does. 

To find ρ, we note that if we extend lines T and V (and A) down into the Earth, they will all meet at the Earth’s centre, which is “R”, the Earth’s radius below Sea Level (from any point on the Earth’s Sea Level surface). Note R = 6,370km (calculated from the Earth’s circumference of 40,020 km).
We can also draw a chord between the base of the Turbine (at Sea Level) and the base of the Viewer (also at Sea Level) and divide the Turbine into two vertical sections: The bottom V metres and the top (T-V) metres.  Then this chord, together with line V and the bottom “V metres” tall section of the  Turbine will form three sides of a symetrical parallelogram.  This is easier to see by rotating the diagram a little.  Note that all angles are measured in Radians.
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Call θ  the “Earth Angle” of the Turbine. We can find θ because it represents the same proportion of a full circle as the (surface) distance between the Viewer and the Turbine does the circumference of the Earth (=2πR).  If the distance to the Turbine is “t”, then θ = t/2πR * 2π = t/R Radians.
From the diagram we can see that Top of Parallelogram measures 2(R+V)sin(θ/2).

Extendthe iscosoles triangle at the top of the diagram (consisting of the upper [T-V] metre section of the Turbine; Top of Parallelogram and the line from the Viewer’s eye to the Turbine tip) so it becomes a right-angle triangle with Base {2(R+V)sin(θ/2) + (T-V) sin(θ/2)}  and Height (T-V) cos(θ/2).

Taking the ArcTan of the ratio and adding (π/2 – θ/2) gives the angle ρ.  
We now need to find the height, B, of the “Turbine-Equivalent” which is situated at the same distance (call it “a”) from the Viewer as is the chosen Landmark , and subtends the same angle from vertical in the Viewer’s eye (ρ).
We use the second diagram above, replacing T with the unknown B, and θ with α, the Earth Angle from the Viewer to the Landmark.     α  = a/R Radians.
From above,      ρ = ArcTan [ {(B-V) cos(α/2)} / {2(R+V)sin(α/2) + (B-V) sin(α/2)}  ] + (π/2 – α/2)
For simplicity, let:
C = 2(R+V)sin(α/2)  [the Top of the Parallelogram using the Landmark instead of the Turbine]
D = sin(α/2)
E = (π/2 – α/2)

F = cos(α/2)
The above equation becomes    ρ = ArcTan [ {(B-V)*F)} / {C + (B-V)*D}  ] + E.         So:
Tan(ρ-E)  = [(B-V)*F] / [C + (B-V)*D]

(B-V) *D*Tan(ρ-E)  + C*Tan(ρ-E)  = (B-V)*F

(B-V) [F - D*Tan(ρ-E)] = C*Tan(ρ-E)
B = C*Tan(ρ-E)/ [F - D*Tan(ρ-E)]  +V
…… and we have B, the heightof the “Turbine-Equivalent” which is the apparent height of the Turbine if it were situated at exactly the same distance as the chosen Landmark.

It is now necessary to deduct from both B (the height of the “Turbine-Equivalent”) and A (the height of the Landmark) any portion which is invisible to the Viewer because it is over the horizon.  Note that as the “Turbine-Equivalent” and the Landmark are the same distance away, the deduction – if there is one - will be the same for both. Also note that the section of the actual Turbine which is beyond the horizon is not important – only the “Turbine-Equivalent”.
For this, we need to calculate the Earth Angle, λ, from the Viewer to the Horizon (H). To do this, looking the diagram below we can see:

 
λ = ArcCos ([R/(R+V)]

If λ is greater than α, the Earth Angle from the Viewer to the Landmark, then the Landmark is closer than the horizon, and the whole of the Landmark or “Turbine-Equivalent” is visible.

However, if λ is less than α, then the lower section of the Landmark, and the “Turbine-Equivalent”, will be hidden under the horizon.  Call that section “Inv” (metres).
In this case we can have a positive value for  σ, the Earth Angle from the Horizon to the Landmark:

σ = α-λ
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The top of the Invisible section of the Landmark/”Turbine-Equivalent”, H, and the Centre of the Earth form a right-angled triangle with hypotenuse  R + Inv.   So


Inv = R/cos(σ) – R   (as long as that is not greater than the entire height of the Landmark or “Turbine-Equivalent”, in which case the whole of the object would be invisible).

If the Landmark is closer than the horizon, then  Inv = 0.

This leaves the visible part of the “Turbine-Equivalent” to be B_Vis  = (B – Inv), and the visible part of the Landmark to be A_Vis  = (A – Inv).

We can now just divide B-Vis by A_Vis to see how many times as tall the Turbine appears compared with the Landmark.
